
 
 

Vol 10 Issue03, Mar 2021                          ISSN 2456 – 5083                                        www.ijiemr.org 
  

COPY RIGHT  

 

2021 IJIEMR.Personal use of this material is permitted. Permission from IJIEMR must 

be obtained for all other uses, in any current or future media, including 

reprinting/republishing this material for advertising or promotional purposes, creating new 

collective works, for resale or redistribution to servers or lists, or reuse of any copyrighted 

component of this work in other works. No Reprint should be done to this paper, all copy 

right is authenticated to Paper Authors   

IJIEMR Transactions, online available on 29th  Mar 2021. Link 

:http://www.ijiemr.org/downloads.php?vol=Volume-10&issue=ISSUE-03 

DOI: 10.48047/IJIEMR/V10/I03/102 

Title NOMINAL BALLISTIC MISSILE ASCENT OPTIMIZATION WITH THERMAL 

INVESTAGATION 

Volume 10, Issue 03, Pages: 616-623 

Paper Authors  

Mohamed Elfarran, and Ahmed Farag 

 

 

 

                                         

                                                                                    USE THIS BARCODE TO ACCESS YOUR ONLINE PAPER  

To Secure Your Paper As Per UGC Guidelines We Are Providing A Electronic 

Bar Code 

 

128



 
 

   Vol 10 Issue03, Mar 2021                                      ISSN 2456 – 5083    Page 616 

 

NOMINAL BALLISTIC MISSILE ASCENT OPTIMIZATION WITH 

THERMAL INVESTAGATION 

Mohamed Elfarran, and Ahmed Farag 

 Assistant Professor, Aeronautical Engineering Department, Institute of Aviation Engineering and 

Technology, Giza, Egypt 

 

Abstract  

Ballistic Missile Trajectory is one of the big issues to simulate and also to be optimized. The 

main objective of this paper is to find a method to obtain the Nominal trajectory for the ballistic 

missile through finding out the optimal parameters for each ballistic trajectory phases. To define 

the problem; the paper will list all governing equations and describe the parameters of input and 

output for each phase of the trajectory. Then, a method to reduce the number of input parameters 

will be discussed. We study each parameter effect to get the most optimal trajectory for the 

missile. At the final, optimal flight will be discussed in details. Although, we investigate the 

thermal effect for entry point from space into the earth atmosphere   
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Introduction 

The more important start is just to specify 
what the ballistic missiles phases are and 

which one will be discussed here in this 

paper 

 
A typical ballistic missile trajectory can be 

divided into three phases: 
1. The boost phase in which the vehicle is 

boosted by one or more rocket stage through 
the atmosphere until final shutdown or cut-
off. Concerning guidance, which we will not 
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discuss, the boost. Phase can be subdivided 

into an open-loop phase and a closed-loop, 
or guidance phase. The open-loop phase is 

pre-programmed and consists of a vertical 
lift-off, during which the rocket is rolled 
such that thrust vector plane coincides with 

the desired plane of motion, followed by a 
pitch-over and gravity turn. The 

computation of steering commands from the 
vehicle’s actual location and velocity and 
the coordinates of the desired impact point 

characterize the subsequent guidance phase. 
If at shutdown the atmospheric drag cannot 

be neglected with respect to the gravitational 
force, a subsequent atmospheric ascent 
phase follows the boost phase. 

2. The ballistic phase covering the major 
part of the range and at the end of which the 

vehicle enters the atmosphere. 
3. The re-entry phase is the subsequent 
passage downwards through the atmosphere 

until impact at the surface of the Earth. 
Analysis and Design 

From of the View Of 2D plane of missile 
Motion, we find the input parameters are 
needed for each phase and the output 

parameters are the given by equations that 
listed in Ref [1] and summarized as the 

following table …. 

 
The main Input for the simulation is that 

located in the first column which divided 

into the following main objects: 

1- Rocket Motor specifications  

Which include the first 4 

parameters (Fvac, Ae, Tburn, 

MPropellant ) 

2- Payload Mass 

3- Main angles (Tip, final ) 

4- Desired Range 

5- Structure Mass 

 

All of this input affect on the Range 

that actually covered by the missile in 

different ways. So, we must find a way to 

get the initial conditions for this input 

parameters as optimum as possible. 

Parameters Reduction : 

a.   final initial Value : 

The injection flight path angle or 

final  for the boost phase must have an initial 

condition. Due to the following analysis, 

which start from the equations of the 

kepleriane ellipse equations of motion 

Ref[1] for more details. 
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The quadratic equation, Eq. (1), has 

2 solutions. The solution given in Eq. (3) 

corresponds to a true anomaly, e  =i +  

lying between 180o and 360o, which is the 

interval of the re-entry true anomaly as we 

know. 

 

The re-entry conditions i.e. velocity 

and flight path angle which are required to 

determine the re-entry trajectory, follow 

from the equations for the conservation of 

energy and angular momentum which listed 

in equation (4.b) and (4.c). 

As, in general, the difference 

between injection and re-entry altitude is 

small as compared to the earth radius,  a 

good approximation of ballistic range angle 

and re-entry conditions is obtained by 

setting i=1, i.e. ri=re. 

Then the expression simplify, 

facilitating the analysis, from equation (3) 

we find for the range angle... 

 
This relation is depicted in Fig (1). 

This figure shows that for Ki <1, i.e 

injection velocity less than circular velocity, 

there is an optimal value of the flight path 

angle, yielding maximum range. 

For Ki =1 Eq. (5) simplified to… 

 
And the range decrease linearly with flight 

path angle.  

Given the injection conditions, Ki 

and i , the range can be determined with 

Eqn. 5. In general, the angular range is 

known , at least approximately, and the 

injection conditions have to be determined 

as in our case. Solving Eqn.5 for cos2 leads 

to.. 
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So, from this equation we can determine the 

flight path angle due to knowing the Ki and 

the range. So, the only way to do this is the 

following steps.. 

 Estimate an initial final    for the 

boost phase. 

 Get Ki from the first estimation 

 Calculate final From Eq. (7)  

 Recalculate the boost phase 

Calculation with the new desired 

final     

b. Fvac Effect : 

For a certain rocket motor 

specification, Ae, Mpropellant, and Tburn 

assumed to be const and the only variable 

change that the fuel that filled in the 

propellant tanks which affect in Fvac only. 

 

So, here this paper will discuss the 

effect of Fvac change on the trajectory shape 

and range. 

 

In Fig (1), (2), we only change Fvac From 

700 KN to 1400 KN with step 50 KN.  Fig 

1, shows that there are a approximate linear 

relation between Vi and Fvac.  

 
For Fvac < 700, there no real solution for 

equation 7 because that the range is const. 

We note that as max I that reached from 

Fvac 1400 KN is equal to 1.45 Rad which 

mean that is nearly to be horizontal flight i 

=90o but because the tip-over angle, the 

missile can’t reach to this    angle.  From Fig 

4, we recognize that … 

 

 The Difference in the actual range 

covered by the missile didn’t change 

with high value (within 10-20 Km) 

when I change the Fvac to the max. 

 

 The Distance covered in re-entry 

Phase as shown in Fig 5 is variant 

from long to short then to long again 

due to the variation of the Fvac.  

 

 For Fvac < FvacOptimal, increasing in 

the distance that covered in Re-entry 

phase, the heating and the drag 
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increase also which mean this is not 

an optimal solution. 

 

 For Fvac > FvacOptimal, increasing the 

Re-entry Flight Path angleand 

decreasing in the distance that 

covered in Re-entry phase, the 

heating and the drag increase also 

which mean this is not an optimal 

solution. 

 

 For Fvac that make Ki more than 2 

which mean the Vi is a double of the 

circular velocity, the missile will not 

return to the surface again. 

 

 

Optimal Flight: 

From Ref[1] and Ref[3], As will 

clear from the forgoing discussion, and as 

can be seen from Fig (1,4 and 5), there is an 

optimum injection flight path angle, such 

that the angular range is maximized for 

given Vi, ri, and re or, equivalently, the 

injection velocity is minimized for a given 

, ri, and re. 

 
We will derive the conditions for these 

optimal flights using the graphical method. 

The geometry of an optimal flight is 

depicted in Fig (6). We have seen that for a 

given range the injection velocity is a 

minimum if the 2 circles, with Pi and Pe ass 

center and (2a-ri) and (2a-re) as radius, 

touch.  

The point of contact, Fopt will lie on the 

chord joining Pi and Pe. So, for optimal 

flights. 
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This relation is depicted in Fig (7). 

The corresponding optimal flight path angle 

is found by realizing that the angle 

Fopt_Pi_Fi equals twice the flight path 

angle. using a property of plane triangles on 

the triangle Fi_Pi_Pe we find 

 
This relation depicted in Fig (7b). 

Therefore, for a given range (Case 1), Eq 

(10) and Eq (11) can be used to determine 

the optimal injection conditions. Optimal in 

the sense that for a given value of injection 

altitude, the injection velocity is minimized.  

 

 

Therefore, these trajectories are also 

called minimum energy trajectories. Note, 

however, that these trajectories are not 

necessarily optimal in the sense that for a 

given rocket vehicle the payload is 

maximized, because we assumed the 

injection altitude is fixed. For the 

determination of the maximum payload 

trajectory for a particular rocket, one has to 

know the characteristics of the powered 

trajectory (Boost Phase), in particular the 

relations between altitude, velocity and 

flight path angle. 

Maximum payload trajectories and 

minimum injection velocity trajectories will 

not differ much in general. 

For a given injection velocity and 

radius (Case 2) , the maximum angular 

range is found by solving Eq (10) for . We 

then find the maximum range that covered 

for a given value of Ki 

 
In case re-entry and injection altitude are the 

same, the equations for the min injection 

velocity at given range, and max range for a 

given injection velocity and the optimal 

flight path angle, simplify to 
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Therefore, using case 1, that the range is the 

input, we can get the Kimin and I_opt. 

These values can obtain from the first of the 

calculation because it’s depended on  

which known from the first of calculation. 

The previous note is valid only for the flight 

path angle but for Ki we must run the boost 

phase routine to get Ki then 

decrease/increase the Fvac depend on Ki 

calculated is greater/less than the Kmin. 

 

 
From Fig (9), we can note that the effect of 

Ki optimal increase the range with min 20 

Km but the using of the flight path angle 

change the trajectory only but not change 

the range that covered but give us another 

benefit, is that the distance covered in the re-

entry phase is optimal in heat sense and the 

angle of re-entry is optimized due to the 

discussion in section 5.2 and Fig 5. 

 
Thermal Calculation on Re-entry 

point  

Thermal protection for these early warheads 

was a massive metallic heat shield, which 

merely provided a "heat sink" for the short 

heating pulse at high altitudes. It was soon 

discovered that delivery accuracy could be 

improved by increasing the values of b using 

slightly blunted slender sphere- cone 

geometries thus increasing the impact 

velocity so that the final descent phase was 

less affected by winds. Thermal protection 

was provided by allowing the material at the 

surface of the heat shield to melt or vaporize 

thus transferring much of the heat back into 

the atmosphere. This method of thermal 

protection is referred to as "ablation," and 

the material that is applied to the vehicle’s 
outer surface is called an "ablator." 
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Conclusion 

This method is a good enough as a 

first step to find the optimal Ballistic 

missile trajectory. In addition, due to 

a lot of modules and its difficulties, 

this method can be more reliable if 

each module studied in details 

separately. And this will be worked 

on the next researches  
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