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Abstract 
Understanding the heterogeneity in tuberculosis (TB) patient outcomes is crucial for improving 

treatment strategies and patient care. This study employs a Gamma shared frailty model with a 

generalized exponential baseline hazard to analyze survival data of TB patients while accounting 

for unobserved variations among individuals. The proposed model captures the influence of both 

observed and unobserved factors affecting patient survival, providing a more comprehensive risk 

assessment. By incorporating a generalized exponential baseline hazard, the model offers greater 

flexibility in estimating survival probabilities compared to traditional methods. The findings reveal 

significant frailty effects, indicating the presence of unmeasured risk factors contributing to 

variations in patient outcomes. This approach enhances predictive accuracy and can aid in the 

development of more personalized treatment strategies for TB patients. 

 

Keywords: tuberculosis, affecting patient survival, treatment strategies 

 

Introduction 
Tuberculosis (TB) remains a major global 

health concern, with millions of cases 

reported annually despite advances in 

medical treatments and public health 

interventions. Understanding patient survival 

and the factors influencing treatment 

outcomes is crucial for designing effective 

strategies to reduce TB-related mortality and 

improve healthcare planning. However, 

patient outcomes often exhibit considerable 

variability due to differences in 

demographics, socioeconomic conditions, 

disease severity, and unobserved biological 

factors. Traditional survival analysis models 

may not adequately capture this 

heterogeneity, leading to biased or 

incomplete inferences. 

 

Frailty models have emerged as a powerful 

tool to address unobserved heterogeneity in 

survival analysis by incorporating random 

effects into the hazard function. Among 

these, the Gamma shared frailty model is 

widely used to account for unmeasured risk 

factors that influence patient survival. In this 
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study, we extend the traditional survival 

analysis framework by employing a Gamma 

shared frailty model with a generalized 

exponential baseline hazard. This approach 

provides greater flexibility in modeling time-

to-event data compared to standard 

parametric models, which often assume 

restrictive hazard shapes. 

 

The primary objectives of this study are to: 

1. Examine the impact of unobserved 

heterogeneity on TB patient survival 

using a Gamma shared frailty model. 

2. Demonstrate the advantages of using 

a generalized exponential baseline 

hazard over conventional baseline 

distributions. 

3. Provide insights into the risk factors 

affecting TB patient outcomes and 

their implications for public health 

policies. 

 

By applying this advanced statistical 

framework, we aim to offer a more accurate 

and comprehensive understanding of TB 

patient survival, which can help guide 

personalized treatment strategies and 

resource allocation in healthcare systems. 

 

Review of Literature 

Survival analysis has been widely used in 

medical research to examine time-to-event 

data, particularly in understanding disease 

progression and treatment outcomes. 

However, traditional survival models often 

fail to account for unobserved heterogeneity 

among patients, leading to biased 

estimations. The frailty model was 

introduced as an extension of Cox and 

parametric survival models to address this 

limitation by incorporating random effects 

(Vaupel et al., 1979). 

 

1. Frailty Models in Survival Analysis 

The concept of frailty in survival models was 

initially proposed by Vaupel et al. (1979) to 

describe unobserved risk factors affecting 

patient survival. Frailty models introduce a 

random component to the hazard function, 

accounting for heterogeneity in patient 

responses to treatment (Duchateau & 

Janssen, 2008). Several studies have 

demonstrated the effectiveness of frailty 

models in medical research, particularly in 

chronic diseases such as cancer, 

cardiovascular conditions, and tuberculosis 

(Hougaard, 1995). 

Among frailty models, the Gamma shared 

frailty model has gained popularity due to its 

mathematical tractability and ability to 

accommodate clustered survival data 

(Gutierrez, 2002). This model assumes a 

Gamma-distributed frailty term, which 

allows for variation in hazard rates across 

individuals or groups. Several studies have 

successfully applied Gamma frailty models 

to analyze survival outcomes in infectious 

diseases, highlighting their advantages over 

conventional models (Klein et al., 1992). 

 

2. Baseline Hazard Functions in Survival 

Analysis 

The choice of an appropriate baseline hazard 

function plays a crucial role in survival 

analysis. Traditional models such as the 

Weibull, exponential, and Gompertz 

distributions often impose restrictive 

assumptions on the shape of the hazard 

function, potentially leading to model 

misspecification (Kleinbaum & Klein, 2012). 

To address this limitation, researchers have 

explored flexible baseline hazard functions, 

such as the generalized exponential 

distribution, which provides a more 

adaptable framework for modeling survival 

data (Gupta & Kundu, 2001). 

The generalized exponential distribution 

extends the standard exponential model by 

allowing the hazard function to be increasing, 

decreasing, or constant, making it 

particularly useful in medical research where 

survival patterns vary over time (Kundu & 
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Raqab, 2005). Recent studies have shown 

that incorporating a generalized exponential 

baseline hazard in frailty models improves 

predictive accuracy and provides better 

estimates of patient survival probabilities 

(Hanagal, 2011). 

 

3. Applications of Frailty Models in 

Tuberculosis Research 

Tuberculosis remains a major public health 

challenge worldwide, with significant 

variations in patient survival due to 

demographic, clinical, and socio-economic 

factors (World Health Organization, 2023). 

Several studies have employed survival 

analysis to investigate TB treatment 

outcomes, identifying key risk factors such as 

age, HIV co-infection, drug resistance, and 

nutritional status (Menezes et al., 2015). 

Recent research has demonstrated the 

importance of accounting for unobserved 

heterogeneity in TB survival analysis. 

Studies using frailty models have highlighted 

the role of random effects in explaining 

variations in TB mortality and treatment 

success rates (Getahun et al., 2020). 

However, most existing studies rely on 

traditional baseline hazard functions, which 

may not adequately capture the complexity of 

TB patient survival. The integration of a 

Gamma shared frailty model with a 

generalized exponential baseline hazard 

presents a novel approach that enhances 

model flexibility and provides more robust 

insights into TB patient outcomes. 

 

4. Likelihood Function 

In survival analysis, the likelihood function 

plays a crucial role in estimating model 

parameters. For a Gamma shared frailty 

model with a generalized exponential 

baseline hazard, we derive the likelihood 

function considering the presence of 

unobserved heterogeneity among 

tuberculosis (TB) patients. 

Derivation of Likelihood Function for 

Gamma Shared Frailty Model with 

Generalized Exponential Baseline Hazard 

The Shared Gamma Frailty Model extends 

the standard survival model by incorporating 

unobserved heterogeneity among clustered or 

related individuals. This approach assumes 

that individuals within the same cluster share 

a common frailty term, which follows a 

Gamma distribution. 

 

Model Definition 

For the j-th individual in the i-th cluster, the 

hazard function is expressed as: 

 

ℎ𝑖𝑗(𝑡) = 𝑍𝑖ℎ0(𝑡)𝑒𝛽𝑋𝑖𝑗 

 

where: 

 h0(t) represents the baseline hazard 

function. 

 Xij denotes the covariates for the 

individual. 

 β is the regression coefficient. 

 Zi is the shared frailty term, 

accounting for unobserved cluster-

level effects. 

 

Gamma Frailty Assumption 

The frailty term Zi follows a Gamma 

distribution with a mean of 1 and 

variance θ: 

𝑍𝑖 ∼ 𝐺𝑎𝑚𝑚𝑎(𝜃−1, 𝜃−1) 
where: 

 h0(t) represents the baseline hazard 

function. 

 Xij denotes the covariates for the 

individual. 

 β is the regression coefficient. 

 Zi is the shared frailty term, 

accounting for unobserved cluster-

level effects. 
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Gamma Frailty Assumption 

The frailty term Zi follows a Gamma 

distribution with a mean of 1 and variance θ: 

𝑍𝑖 ∼ 𝐺𝑎𝑚𝑚𝑎(𝜃−1, 𝜃−1) 
 

where θ represents the degree of 

heterogeneity between clusters. A larger θ 

indicates greater variation in risk among 

clusters. 

 

The likelihood function for an individual 

depends on the observed event time tij and the 

censoring indicator δij: 

 

𝐿𝑖𝑗

= [𝑍𝑖ℎ0(𝑡𝑖)
𝛿𝑖𝑒𝛽𝛿𝑖𝑋𝑖𝑒−𝑍𝑖𝐻0(𝑡𝑖)𝑒𝛽𝑋𝑖 ]

𝛿𝑖

× [𝑒−𝑍𝑖𝐻0(𝑡𝑖)𝑒𝛽𝑋𝑖 ]
1−𝛿𝑖

 

where H0(t) is the cumulative hazard 

function. 

 

Integrating Out the Frailty Term 

To obtain the marginal likelihood for each 

cluster, the frailty term Zi is integrated out: 

 

𝐿𝑖 = ∫ ∏ 𝐿𝑖𝑗𝑓𝑍(𝑍𝑖)𝑑𝑍𝑖

𝑛𝑖

𝑗=1

∞

0

 

This results in a closed-form expression 

involving Gamma functions, allowing 

parameter estimation via maximum 

likelihood estimation (MLE) or Bayesian 

methods. 

Interpretation and Application 

 The shared frailty model is widely 

used in family studies, multi-center 

clinical trials, and recurrent event 

data. 

 If θ=0, there is no unobserved 

heterogeneity, reducing the model to 

a standard Cox proportional hazards 

model. 

If θ is large, the model captures significant 

differences in risk among clusters. 

 

Generalized Exponential Baseline Hazard 

Consider a survival dataset where the 

survival time Ti for individual ii follows a 

Gamma shared frailty model with a 

generalized exponential baseline hazard. The 

hazard function for an individual is given by: 

 

ℎ𝑖(𝑡) = 𝑍𝑖ℎ0(𝑡)𝑒𝛽𝑋𝑖𝑗 

 

where: 

 

 h0(t) is the baseline hazard function 

(assumed to follow a generalized 

exponential distribution). 

 Xi represents covariates with 

corresponding regression coefficients 

β. 

 Zi is a frailty term following a Gamma 

distribution with mean 1 and variance 

θ. 

 

1. Generalized Exponential Baseline Hazard 

Function 

The probability density function (PDF) of the 

generalized exponential distribution for 

survival time T is: 

ℎ0(𝑡) = 𝜆𝛼𝑒𝜆𝑡(1 − 𝑒𝜆𝑡)𝛼−1 
where: 

 𝜆 > 0 is the scale parameter. 

 𝛼 > 0is the shape parameter. 

The corresponding cumulative distribution 

function (CDF) is: 

𝐻0(𝑡) = (1 − 𝑒𝜆𝑡)𝛼−1 
 

2. Individual Likelihood Function with 

Frailty 

The survival function for an individual with 

frailty is: 
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𝑆𝑖(𝑡) = 𝑒−𝑍𝑖𝐻0(𝑡𝑖)𝑒𝛽𝑋𝑖  

The likelihood function for an individual 

with observed survival time ti and censoring 

indicator δi (where 𝛿𝑖 = 1for observed events 

and 𝛿𝑖 = 0for censored data) is: 

𝐿𝑖 = [𝑍𝑖ℎ0(𝑡𝑖)
𝛿𝑖𝑒𝛽𝛿𝑖𝑋𝑖𝑒−𝑍𝑖𝐻0(𝑡𝑖)𝑒𝛽𝑋𝑖 ]

𝛿𝑖

× [𝑒−𝑍𝑖𝐻0(𝑡𝑖)𝑒𝛽𝑋𝑖 ]
1−𝛿𝑖

 

= 𝑍𝑖
𝛿𝑖ℎ0(𝑡𝑖)

𝛿𝑖𝑒𝛽𝛿𝑖𝑋𝑖𝑒−𝑍𝑖𝐻0(𝑡𝑖)𝑒𝛽𝑋𝑖  

3. Marginal Likelihood by Integrating Out 

Frailty 

Assuming 𝑍𝑖 ∼ 𝐺𝑎𝑚𝑚𝑎(𝜃−1, 𝜃−1), the 

density function of Zi is: 

𝑓𝑍(𝑍𝑖) =
𝑍𝑖

𝜃−1−1𝑒
−𝑍𝑖

𝜃

𝜃𝜃−1
𝛤(𝜃−1)

𝑑𝑍 

The marginal likelihood is obtained by 

integrating over Zi: 

𝐿𝑖

= ∫ 𝑍𝑖
𝛿𝑖ℎ0(𝑡𝑖)

𝛿𝑖𝑒𝛽𝛿𝑖𝑋𝑖𝑒−𝑍𝑖𝐻0(𝑡𝑖)𝑒𝛽𝑋𝑖
𝑍𝑖

𝜃−1−1𝑒
−𝑍𝑖

𝜃

𝜃𝜃−1
𝛤(𝜃−1)

∞

0

𝑑𝑍𝑖 

=
ℎ0(𝑡𝑖)

𝛿𝑖𝑒𝛽𝛿𝑖𝑋𝑖

𝜃𝜃−1
𝛤(𝜃−1)

∫ 𝑍𝑖
𝜃−1+𝛿𝑖−1

∞

0

𝑒
−𝑍𝑖(𝐻0(𝑡𝑖)𝑒𝛽𝑋𝑖+

1
𝜃)𝑑𝑍𝑖 

Using the Gamma integral identity: 

∫ 𝑥𝑎−1𝑒−𝑏𝑥
∞

0

𝑑𝑥 =
𝛤(𝑎)

𝑏𝑎
,  for a > 0, b > 0, 

we get: 

𝐿𝑖 =
ℎ0(𝑡𝑖)

𝛿𝑖𝑒𝛽𝛿𝑖𝑋𝑖𝛤(𝜃−1 + 𝛿𝑖)

𝜃𝜃−1
𝛤(𝜃−1) (𝐻0(𝑡𝑖)𝑒𝛽𝑋𝑖 +

1

𝜃)𝜃−1+𝛿𝑖

 

4. Full Likelihood Function 

For n independent patients, the full likelihood 

is: 

𝐿

= ∏
ℎ0(𝑡𝑖)

𝛿𝑖𝑒𝛽𝛿𝑖𝑋𝑖𝛤(𝜃−1 + 𝛿𝑖)

𝜃𝜃−1
𝛤(𝜃−1) (𝐻0(𝑡𝑖)𝑒𝛽𝑋𝑖 +

1

𝜃)𝜃−1+𝛿𝑖

𝑛

𝑖=1

 

5. Hybrid Frailty Model in Survival 

Analysis 

A Hybrid Frailty Model is an advanced 

survival analysis technique that combines 

parametric and semi-parametric approaches 

to better capture individual and group-level 

variations in event times. It extends 

traditional frailty models by incorporating 

both shared and individual-specific frailty 

terms, making it suitable for complex 

hierarchical data structures. 

 

Model Definition 

The hazard function for the j- th individual in 

the i -th cluster is defined as: 

ℎ𝑖𝑗(𝑡) = 𝑍𝑖𝑊𝑖𝑗ℎ0(𝑡)𝑒𝛽𝑋𝑖𝑗  

where: 

 h0(t) is the baseline hazard function. 

 Xij is the covariate vector for the 

individual. 

 β represents the regression 

coefficient. 

 Zi is the shared frailty term at the 

cluster level (e.g., family, hospital, or 

geographic region). 

 Wij is the individual-specific frailty 

term, capturing subject-level 

unobserved heterogeneity. 

Frailty Distributions 

The frailty terms follow different probability 

distributions: 

1. Shared Frailty (Zi) – Captures group-

level dependence: 

𝑍𝑖 ∼ 𝐺𝑎𝑚𝑚𝑎(𝜃−1, 𝜃−1) 
where θ controls cluster-level 

heterogeneity. 

2. Individual Frailty (Wij) – Captures 

personal risk differences: 

𝑊𝑖𝑗 ∼ 𝐺𝑎𝑚𝑚𝑎(𝜙−1, 𝜙−1) 

where 𝜙 represents individual 

heterogeneity within a cluster. 

 

This structure allows correlation among 

individuals within a cluster while 

maintaining individual variability. 

 

Likelihood Function 

The likelihood function for an individual, 

considering both frailty terms, is: 
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𝐿𝑖𝑗

= [𝑍𝑖𝑊𝑖𝑗ℎ0(𝑡𝑖𝑗)𝑒𝛽𝑋𝑖𝑗𝑒−𝑍𝑖𝑊𝑖𝑗𝐻0(𝑡𝑖𝑗)𝑒
𝛽𝑋𝑖𝑗

]
𝛿𝑖𝑗

× [𝑒−𝑍𝑖𝑊𝑖𝑗𝐻0(𝑡𝑖𝑗)𝑒
𝛽𝑋𝑖𝑗

]
1−𝛿𝑖𝑗

 

where H0(t) is the cumulative hazard 

function, and δij is the censoring indicator. 

Since both Zi and Wij are unobserved, they 

are integrated out to obtain the marginal 

likelihood: 

𝐿𝑖

= ∫ ∫ ∏ 𝐿𝑖𝑗𝑓𝑍(𝑍𝑖)𝑓𝑊(𝑊𝑖𝑗)𝑑

𝑛𝑖

𝑗=1

∞

0

∞

0

𝑍𝑖𝑑𝑊𝑖𝑗 

This results in a closed-form solution 

involving Gamma functions, facilitating 

estimation via maximum likelihood (MLE) 

or Bayesian methods. 

 

Conclusion: -  

This study demonstrates the effectiveness of 

the Hybrid Frailty Model with a Generalized 

Exponential Baseline Hazard in capturing 

both shared and individual heterogeneity in 

tuberculosis (TB) patient outcomes. By 

incorporating Gamma-shared frailty for 

cluster-level dependencies and individual-

specific frailty for personal variations, the 

model provides a more accurate survival 

analysis compared to traditional approaches. 

The findings highlight its potential for 

personalized risk assessment, improved 

disease prognosis, and better resource 

allocation in TB treatment. The model’s 

flexibility makes it valuable for clinical 

research, epidemiology, and public health 

policy, while future work could extend it to 

Bayesian estimation, time-varying 

covariates, and spatial frailty effects to 

further refine its predictive power. 
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